We study the production of the lightest neutralinos in the process e + e − → χ 0 1 χ 0 1 γ in supersymmetric grand unified models for the International Linear Collider energies with longitudinally polarized beams. We consider cases where the standard model gauge group is unified into the grand unified gauge groups SU (5), or SO(10). We have carried out a comprehensive study of this process in the SU (5) and SO(10) grand unified theories which includes the QED radiative corrections. We compare and contrast the dependence of the signal cross section on the grand unified gauge group, and on the different representations of the grand unified gauge group, when the the electron and positron beams are longitudinally polarized. To assess the feasibility of experimentally observing the radiative production process, we have also considered in detail the background to this process coming from the radiative neutrino production process e + e − → ννγ with longitudinally polarized electron and positron beams. In addition we have also considered the supersymmetric background coming from the radiative production of scalar neutrinos in the process e + e − →νν * γ with longitudinally polarized beams. The process can be a major background to the radiative production of neutralinos when the scalar neutrinos decay invisibly.
I. INTRODUCTION
In supersymmetric models with R parity (R P ) conservation, the lightest neutralino is expected to be the lightest supersymmetric particle (LSP). Because of R P conservation, the lightest neutralino is absolutely stable. Being the LSP, it is the end product of any process that involves supersymmetric particles in the final state. Because of its importance in supersymmetric phenomenology, there have been extensive studies of the neutralino sector of the minimal supersymmetric standard model (MSSM) [1] and its extensions [2] [3] [4] [5] [6] [7] [8] [9] [10] . The discovery of neutralinos is one of the main goals of present and future accelerators. In particular, an e + e − collider with a center-of-mass energy of √ s = 500GeV in the first stage, will be an important tool in determining the parameters of the underlying supersymmetric model with a high precision [11] [12] [13] [14] [15] The capability of such a linear collider in unravelling the structure of supersymmetry (SUSY) can be enhanced by using polarized electron and positron beams [16] .
When the standard model (SM) gauge symmetry SU (2) × U (1) is broken, the fermionic partners of the two Higgs doublets (H 1 , H 2 ) of the MSSM mix with the fermionic partners of gauge bosons, resulting in four neutralino statesχ 0 i , i = 1, 2, 3, 4, and two chargino statesχ ± j , j = 1, 2. The composition and mass of the lightest neutralino, which depends on the soft SU (2) and U (1) gaugino masses, M 2 and M 1 , on the Higgs(ino) parameter, µ, and on the ratio of the two Higgs vacuum expectation values, tan β ≡ v 2 /v 1 , will be crucial for the search for supersymmetry at the colliders. The values of the soft gaugino masses at the electroweak scale depend on the boundary conditions on these masses at the grand unified theory (GUT) scale. In most of the studies the gaugino masses have been taken to be universal at the GUT scale. However, there is no particular reason to assume that the soft gaugino masses are universal at the high scale. Indeed, it is possible to have nonuniversal soft gaugino masses in grand unified theories. We recall that soft supersymmetry gaugino masses are generated from higher-dimensional interaction terms involving gauginos and auxiliary parts of chiral superfields [17] . For example, in SU (5) grand unified theory, the auxiliary part of a chiral superfield in higherdimensional terms can be in the representation 1, 24, 75 or 200 or, in general, some combination of these representations.
When the auxiliary field of one of the SU (5) nonsinglet chiral superfields obtains a vacuum expectation value (VEV), then the resulting gaugino masses are nonuniversal at the grand unification scale. Similar conclusions hold for other supersymmetric grand unified models. Furthermore, nonuniversal supersymmetry breaking masses are a generic feature in some of the realistic supersymmetric models. For example, in anomaly mediated supersymmetry breaking models the gaugino masses are not unified [18, 19] , and hence are not universal.
From the above discussion it is clear, that the phenomenology of supersymmetric models depends crucially on the composition of neutralinos and charginos. This in turn depends on the soft gaugino mass parameters M 2 and M 1 , besides the parameters µ and tan β. Since most of the models discussed in the literature assume gaugino mass universality at the GUT scale, it is important to investigate the changes in the phenomenology of broken supersymmetry which results from the changes in the composition of neutralinos and charginos that may arise because of the changes in the pattern of soft gaugino masses at the grand unification scale [20] . The consequences of nonuniversal gaugino masses at the grand unified scale and the resulting change in boundary conditions has been considered in several papers. This includes the study of constraints arising from different experimental measurements [21] [22] [23] and in the study of supersymmetric dark matter candidates [24, 25] . Recently in Refs. [26, 27] a detailed study of the radiative production of neutralinos in electron-positron collisions in low-energy supersymmetric models with universal gaugino masses at the grand unified scale was carried out. Furthermore, we have carried out a detailed study of the radiative production of the lightest neutralinos in electron-positron collisions in grand unified theories [28] . Since longitudinal beam polarization is going to play a crucial role in electron-positron collisions, it is important to study its effects on the radiative production of the lightest neutralinos in electron-positron colliding beam experiments in the case of grand unified theories.
In this paper we shall carry out a detailed study of the implications of the nonuniversal gaugino masses, as they arise in grand unified theories, for the production of lightest neutralinos in electron-positron collisions with longitudinally polarized beams. Our purpose is to study the role of longitudinal beam polarization as a probe of supersymmetric grand unified theories. For this purpose we shall consider the case of SU (5) and SO(10) grand unified theories, these being the typical ones wherein the standard model can be embedded in a grand unified gauge group. The motivation of this comes from the fact that longitudinal beam polarization is a distinct possibility at the International Linear Collider (ILC). Studies of this type have not been carried out so far in the context of grand unified theories. Since in a large class of models of supersymmetry the lightest neutralino is expected to be the lightest supersymmetric particle, it will be one of the first states to be produced at the colliders, even if other SUSY particles may be too heavy to be produced. Moreover, this process is likely to complement the search of the SUSY spectrum at the LHC, where the squarks and gluinos are likely to be produced and studied in detail. The radiative neutralino production at the ILC will, thus, be an independent study irrespective of whether the colored sparticles are found at the Large Hadron Collider. A detailed study of this process at the ILC will let us determine the mass and composition of the lightest neutralino along with its couplings, which by itself would be an important advance. The experimental performance of the radiative neutralino production along with the neutralino mass measurement have been recently evaluated in a full detector simulation for the Internaional Large Detector [29] . At an electron-positron collider, such as the ILC, the lightest neutralino can be directly produced in pairs [3, 30] . However, it will escape detection such that the direct production of the lightest neutralino pair is invisible. One can, however, look for the signature of neutralinos in electron-positron colliders in the radiative production process, The signature of this process is a single high-energy photon with missing energy carried away by the neutralinos. In this paper we carry out a detailed study of the process (I.1) in supersymmetric grand unified theories with nonuniversal boundary conditions at the grand unified scale with polarized electron and positron beams. The process (I.1) has been studied in detail in the minimal supersymmetric model [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , in various approximations. Calculations have also been carried out for the MSSM using general neutralino mixing [39] [40] [41] . This process has also been studied in detail in the next-to-minimal supersymmetric model [26, 27] . On the other hand different large electron positron (LEP) collaborations [42] [43] [44] [45] [46] have studied the signature of radiative neutralino production in detail but have found no deviations from the SM prediction. Thus, they have only been able to set bounds on the masses of supersymmetric particles [42] [43] [44] 46] . Also, the role of longitudinal polarization for process (I.1) has been studied in [47] . We recall here that in the SM the radiative neutrino process
is the leading process with the same signature as Eq. (I.1). The cross section for the process (I.2) depends on the number N ν of light neutrino species [48] . This process acts as a main background to the radiative neutralino production process (I.1). Furthermore, there is also a supersymmetric background to the process (I.1) coming from radiative sneutrino production
We shall consider both these processes, since they form the main background to the radiative process (I.1), and are important for determining the feasibility of observing the radiative production of lightest neutralinos in electron-positron collisions.
For the signal process (I.1), the dominant SM background process (I.2) proceeds through the exchange of W bosons, which couple only to left-handed particles. At the LEP this dominant background process made it impossible to see the possible signal of the radiative process (I.1), even for very light neutralinos. Furthermore, in the case of the LHC a search has been made for the final states in pp collisions, containing a photon (γ) of large transverse momentum and missing energy. These events can be produced by the underlying reaction→ γχχ, where the photon is radiated by one of the incoming quarks and where χ is a dark matter candidate (possibly the lightest neutralino). The primary background for such a signal at the LHC is the irreducible SM background from Zγ → ννγ. This and other SM backgrounds were taken into account in the LHC analysis. The observed number of events was found to be in agreement with the SM expectations for the γ + missing energy events. From this an upper limit for the production of χ in the γ + missing transverse energy state was obtained [49] . In view of these negative results, the International Linear Collider, with the possibility of beam polarization, will be a good place to look for the process with an energetic photon and large missing energy in the final state characteristic of the reaction (I.1). Furthermore, in the case of the ILC with the possibililty of polarized electron and positron beams, a suitable choice of beam polarization (e − R e + L ) will significantly reduce the SM background.
The layout of the paper is as follows. In Sec. II, we discuss the constraints on the supersymmetric particle spectrum arising from the experimental results from the LHC, the Tevatron, and the LEP. In Sec. III, we implement the constraints on the parameter space of the grand unified models as they arise from the constraints on the supersymmetric particle spectrum discussed in Sec. II. Here we also calculate the elements of the mixing matrix which are relevant for obtaining the couplings of the lightest neutralino to the electron, selectron, and Z boson which control the radiative neutralino production process (I.1). We also describe in detail the typical set of input parameters that is used in our numerical evaluation of cross sections. The set of parameters that we use is obtained by imposing various experimental and theoretical constraints discussed in Sec. II on the parameter space of the minimal supersymmetric standard model with underlying grand unification. These constraints will be used throughout to arrive at the allowed parameter space for different models in this paper. Furthermore, in Appendix A we briefly review different patterns of gaugino masses that arise in grand unified theories. Here we will consider grand unified theories based on SU (5) and SO(10) gauge groups, and outline the origin of nonuniversal gaugino masses for these models.
In Sec. IV we summarize the cross section for the signal process, including the beam polarization and its implications for the signal cross section. Here we also describe in detail the effect of QED radiative corrections on the cross section for the radiative neutralino production cross section. In Sec. V we evaluate the cross section for the signal process (I.1) in different grand unified theories with nonuniversal gaugino masses, using the set of parameters obtained in Sec. III for different patterns of gaugino mass parameters at the grand unified scale. We have included higher-order QED radiative corrections, as described in Sec. IV, in all our calculations. We also compare and contrast the results so obtained with the corresponding cross section in the MSSM with universal gaugino masses at the grand unified scale. The dependence of the cross section on the parameters of the neutralino sector, and on the selectron masses is also studied in detail.
In Sec. VI we discuss the backgrounds to the radiative neutralino production process (I.1) from the SM and supersymmetric processes. An excess of photons from radiative neutralino production, with the longitudinally polarized electron and positron beam, over the backgrounds measured through statistical significance is also discussed here and calculated for different grand unified models. We summarize our results and conclusions in Sec. VII.
II. EXPERIMENTAL CONSTRAINTS
In this section, we discuss the latest constraints on the SUSY particle spectrum from the data from the Large Hadron Collider, along with the data from the Tevatron and LEP. At the LHC the search for the SUSY particles is carried through different channels and with different final states. The final states can contain jets, isolated leptons, and E miss T , or will have same-sign dileptons or jets with high p T . Different final states are considered to increase the sensitivity to a different SUSY spectrum. Observations at the LHC are in good agreement with the SM expectation; therefore, constraints have been set on the cross sections for the SUSY processes. Interpreted differently since no supersymmetric partners of the SM have been detected lower limits are obtained on their masses.
A. Limits on gaugino mass parameters
The lightest chargino mass and field content is sensitive to the parameters M 2 , µ, and tanβ. At the LEP the search for the lightest chargino through its pair production has yielded a lower limit on its mass [50] . The limits obtained depend on the mass of the sfermions. For the chargino masses following from nonobservation of chargino pair production in e + e − collisions at the LEP, we have the constraint
The limit depends on the sneutrino mass. For a sneutrino mass below 200 GeV, the bound becomes weaker, since the production of a chargino pair becomes more rare due to the destructive interference between γ or Z in the s channel andν in the t channel. In the models we consider, mν is close to m 0 , where m 0 is the soft SUSY breaking scalar mass. When mν < 200 GeV, but mν > mχ± , the lower limit becomes [51]
For the parameters of the chargino mass matrix, the limit (II.1) implies an approximate lower limit [52, 53] 
The lower limits in Eq. (II.3) on M 2 and µ are obtained by scanning over the MSSM parameter space and are, therefore, expected to be model independent [10] . Recently a search was done by the ATLAS experiment for the direct production of charginos and neutralinos in the final states with three leptons and p miss T
. In the context of simplified models degenerateχ ± 1 andχ 0 2 with masses up to 300 GeV are excluded for large mass differences with theχ 0 1 . For our analyses we have considered the limit set on the chargino mass from the LEP. The combination of chargino, slepton and Higgs boson searches has provided a lower limit on mχ0 1 as a function of tan β. The absolute lower limit on the neutralino mass is 47 GeV at large tan β.
B. Exclusion limits on squarks and gluinos
The colored SUSY particles, being QCD-mediated processes,can be more copiously produced in the proton-(anti) proton collider with their higher centre-of-mass energies compared to the LEP. In the context of the Constrained Supersymmetric Standard Model (CMSSM), Tevatron experiments have excluded squark and gluino masses of 379 and 308 GeV, respectively, based on an integrated luminosity of 2.1 fb −1 . In the framework of the CMSSM, the LHC experiments with approximately 5 fb −1 of data have excluded gluino masses below 800 GeV for all squark masses. Moreover, squark and gluino masses below approximately 1400 GeV are excluded at 95% C.L. (for equal squark and gluino masses) [54, 55] . The limits, though derived for a particular choice of parameters in the context of CMSSM, depend slightly on the choice. Analyses have also been done setting a limit on gluino mass as a function of the lightest neutralino. The limits obtained are sensitive to the neutralino mass and to the gluino neutralino mass difference.
In the framework of the CMSSM, the LHC experiments have also obtained limits on the first-and secondgeneration squark masses [54, 55] . They have excluded masses below around 1300 GeV for all values of gluino masses. Similarly, an analysis is carried out on the squark mass as a function of the neutralino mass. Overall, considering all the analyses carried out by LHC in the context of different models, first-and second-generation squarks along with the gluinos are excluded with masses below 1200 GeV.
The limits on the third-generation squarkt 1 mass from LEP is around 96 GeV, in the charm plus neutralino final state [50] . Experiments at the LHC and at Tevatron have performed the analyses for third-generation squarks in different scenarios, leading to different final states [56] . Similar analyses have been carried out for the sbottom quarks. Overall, for our analyses we will consider the scenario where the third-generation squarks are excluded below a mass of about 800 GeV.
C. Exclusion limit on slepton masses
The limits on the selectrons, smuons, and staus masses are from the LEP experiments [50] because of its clean signature. The limits obtained on the sleptons are sensitive to the lightest neutralino mass. The smuons and staus with masses below 95 GeV are excluded depending on the lightest neutralino (χ 0 1 ) mass, provided the mass difference of the slepton and (χ 0 1 ) is less than 7 GeV. A lower limit of around 73 GeV is set on the mass of the right-handed selectron, mẽ R , independent of the neutralino mass. A lower limit of around 45 GeV is obtained on the sneutrino mass from the measurement of the invisible Z decay width. In the context of the MSSM tighter limits are obtained on the mass of sneutrino of around 94 GeV, assuming gaugino mass universality at the GUT scale.
Taking into account all the constraints set by the different experiments as detailed above, for our analyses we have considered mg ≈ 1400 GeV, masses of first two generation squarks ≈ 1300 GeV, the third-generation squarks mt ,b around 1000 GeV, and the slepton of mass around 150 GeV. For the lightest chargino and neutralino, the LEP limit is respected since it gives more stringent bounds compared to the LHC. The Higgs mass is taken to be consistent with the present LHC results.
III. COMPOSITION OF THE LIGHTEST NEUTRALINOS IN GRAND UNIFIED THEORIES
In this section we list the set of parameters used for our analysis along with the composition of the lightest neutralino in grand unified theories. In Appendix A we review the patterns of nonuniversal gaugino masses in grand unified theories. For the sake of completeness we have first considered the case of universal gaugino masses in supersymmetric theories. In Appendix B we summarize our notations for the neutralino mass matrix and the interaction vertices relevant for our study [57] .
We have used the set of parameters listed in Table I for our analysis in the case of universal gaugino masses at the grand unified scale. The values of the parameters are chosen so as to satisfy the various experimental constraints listed in Sec. II. We have restricted ourselves to a particular choice of parameter set with the values of M 2 and µ chosen to correspond to a lightest neutralino of mass around 108 GeV. The reason for the choice of this set was discussed in Ref. [28] . We call this set of parameters the MSSM electroweak symmetry breaking (EWSB) scenario [58] . In this scenario we can study the dependence of the neutralino masses as well as the radiative neutralino production cross section on µ, M 2 , and the selectron masses.
The composition of the lightest neutralino in case of the MSSM EWSB scenario for the parameters of For our analyses, as a benchmark we have used the radiative neutralino cross section for the MSSM EWSB scenario with the set of parameters as shown in Table I . (5) in Table XIII is obtained from the mixing matrix for the choices of parameters given in Tables II, III (10) supersymmetric grand unified theory with Φ and F Φ in the 770-dimensional representation with SU (4) × SU (2) R in (1,1) dimensional representation. We shall refer to this model as [SO (10)] 770 ′ in the text.
SO(10) where SU (5)
′ × U (1) ⊂ SO(10) with Φ and F Φ in the 770-dimensional representation with
implying thereby that a Higgsino is the dominant component for the 210-and 770-dimensional representations with the embedding SU (5) ′ × U (1) ⊂ SO(10) and for the 770-dimensional representation with the embedding
Thus, in these cases the dominant contribution to the radiative neutralino production cross section will come from the neutralino-Z 0 coupling. Since the LSP for most of the scenarios considered here has a dominant higgsino component, the Z 0 width imposes a strict constraint, as the Z 0 decay rate involves coupling to the Higgsino component of the neutralino. We have imposed the LEP constraint on the anomalous Z 0 decay width in our calculations :
IV. RADIATIVE NEUTRALINO PRODUCTION IN GRAND UNIFIED THEORIES
In this section we calculate the cross section for the radiative neutralino production process
for the case of longitudinally polarized electron and positron beams for SU (5) and SO(10) grand unified theories with nonuniversal gaugino masses at the grand unified scale. The four-momenta of the corresponding particles are shown by the symbols in the brackets. We show in Fig. 1 the Feynman diagrams contributing to the radiative neutralino production at the tree level. The neutralino mixing matrix (B.2) summarized in Appendix B determines the couplings of the neutralinos to electrons, the selectrons, and to the Z 0 bosons. The respective values of the soft SUSY breaking gaugino mass parameters M 1 and M 2 for different grand unified models have been calculated in Appendix A. We further note that the elements of the neutralino mixing matrix N 1j for the different models considered here, were calculated in the previous section.
Feynman diagrams contributing to the radiative neutralino production e + e − →χ 0 1χ 0 1 γ. There are six other diagrams which are exchange diagrams corresponding to (i, ii, iii, vi, vii, viii), with u-channel exchange of selectrons, wherein the neutralinos are crossed in the final state.
A. Cross section for the signal process
At the tree level the process (IV.1) proceeds via the t-and u-channel exchange of right and left selectrons e R,L and via Z boson exchange in the s channel for the different scenarios considered here as can be seen from Fig. 1 . The differential cross section for the process (IV.1) can be written as [33, 59] 
where p f and E f are the final three-momenta k 1 , k 2 , q and the final energies E χ1 , E χ2 , and E γ of the neutralinos and the photon, respectively. Using the standard technique, we sum over the spins of the neutralinos and the polarization of the outgoing photon. The squared matrix element |M| 2 in Eq. (IV.2) can then be written as [33] 
where T ij are squared amplitudes corresponding to the Feynman diagrams in Fig. 1 . The phase space for the radiative neutralino production process in Eq. (IV.2) is described in detail in Ref. [33] .
B. Longitudinal beam polarization
At the future linear collider, the use of beam polarization will significantly benefit the physics program. In the case of many processes, it is found that a suitable choice of beam polarizations can enhance the signal and suppress the background. At the ILC, a beam polarization of ≥ 80% for electrons and ≥ 30% for positrons at the interaction point is proposed, with a possible upgrading to about 60% for the positron beam. In the case of an electron and positron beam with arbitrary degree of longitudinal beam polarization, the total cross section in the centre-of-mass frame with center-of-mass energy √ s is given by
In Eq. (IV.4) the dependence of the cross section on the polarization is parametrized through the degree of polarization, which is defined as
, where N L,R denote the number of left-polarized and right-polarized electrons (or positrons) respectively. Moreover σ RL denotes the cross section when the electron beam is completely right polarized with P e − = 1, and the positron beam is completely left polarized with P e + = -1. An analogous definition holds for σ LR . We do not take into account the helicity combinations for the cross section (LL and RR) as they are absent in the SM and for the supersymmetric process considered here. For the signal process, the significant contribution comes from the selectron or Z exchange depending on the composition of the neutralino. For all the scenarios considered, the neutralino is dominantly a Higgsino with the Z boson exchange dominantly contributing to the neutralino production process. In the case of SU (5) 24 , the neutralino has a significant bino component resulting in significantly larger coupling to right selectron; therefore, the production process proceeds mainly via the exchange of right selectronẽ R . On the other hand, the SM background radiative neutrino process proceeds mainly through the exchange of W bosons, which couple only to left handed particles. Therefore, a polarization combination with positive electron beam polarization and negative positron beam polarization will significantly reduce the background and increase the signal for the cases where the neutralino has a dominant bino component. When the neutralino is of a Higgsino type, there is no appreciable change in cross section for this choice of beam polarization as Z couples to both left-and right-handed fermions. Since with this particular choice of beam polarization the SM background decreases, we present our result for this case with electron beam polarization P e − = 0.8 and positron beam polarization P e + = -0.6 as planned for the future linear collider.
C. Radiative corrections
The future high-energy e + e − colliders, in order to avoid energy losses from synchrotron radiation, are designed as linear colliders. These colliders will achieve high luminosity through beams with bunches of high number densities. Although the high density of charged particles increases the machine luminosity, it also leads to the generation of a strong electromagnetic field in and around every colliding bunch. Initial state radiation (ISR), also known as bremsstrahlung, which results from the interaction of the beam constituents with the accelerating field, is the most important QED correction to the Born cross section. Along with it, the interaction of the beam constituents due to the strong magnetic field generated by the other beam also results in radiation and is known as the beamstrahlung phenomenon. The general feature of both these cases results in multiple emissions of photons, both soft and hard, which not only reduces the initial beam energy but also results in the disturbance of the initial beam calibration. Moreover, at higher energies these radiative effects result in messier backgrounds with the radiated photons leading to the production of lepton pairs and hadrons. The resulting spectrum of the electrons due to the ISR effects mainly depends on the electron or positron beam energy and the reduced momentum of the incoming electron or positron. The photon radiation takes into account the missing momentum. On the other hand, the resulting spectrum due to beamstrahlung, apart from depending on the beam energy, is mainly machine specific depending on the number of electrons and positrons in a bunch N e , the transverse bunch sizes σ x , σ y and the bunch length σ z . Therefore most future machine designs try to minimize the radiation effects by adjusting the parameters of the bunches accordingly.
Apart from being a serious problem, the radiated photons have also been used in the study of new physics. The majority of the emitted photons are soft and are lost down the beam pipe. Only the hard photons with large transverse momentum can be tagged, and earlier they were used by the LEP experiments to look for the invisible final states. The most famous example is the neutrino counting process e + e − → γν lνl in the standard model, with the final state being a single photon and large missing energy. This search with a hard photon tag is similar to the supersymmetric process considered here in our work. In the case of LEP running at energies beyond the Z resonance, these radiative effects lead to "return of the Z peak" causing a hugely increased cross section. This was mainly due to the multiple emissions of photons resulting in the electron positron pair returning to the Z resonance. Therefore, taking into account all the above facts, the effect of the radiative effects, both ISR and beamstrahlung, is crucial for most experimental analyses.
Several strategies exist to include the radiative corrections in the calculations which have been studied exclusively in the past [60] [61] [62] [63] in the context of the future linear colliders. We have calculated the radiative effects for our process and the background processes using CalcHEP [58] , with parameters given in Table VIII [64] . In CalcHEP the energy spectrum of the electron and positron is calculated by using the structure function formalism. The main idea here is to include the radiative corrections by a probability density to find an electron with reduced momentum inside an incoming electron. This is quite similar to the techniques adopted for the hadronic interactions. The total cross section is defined as the leading-order cross section convoluted with the structure functions including radiative effects. These structure function of the initial leptons are valid up to all orders in perturbation theory. We emphasize that in this paper the radiative effects are included in all our calculations of the signal and background processes. 
V. NUMERICAL RESULTS
We have calculated the tree-level cross section for radiative neutralino production (IV.1), the standard model background from radiative neutrino production (I.2), and the supersymmetric background from sneutrino production (I.3) with longitudinally polarized electron and positron beams using the program CalcHEP [58] . As noted above we have included the effects of radiative corrections to the signal as well as the background processes. Due to the emission of soft photons, the tree-level cross sections have infrared and collinear divergences. These divergences are regularized by imposing cuts on the fraction of beam energy carried by the photon and the scattering angle of the photon [33] . We define the fraction of the beam energy carried by the photon as x = E γ /E beam , where √ s = 2E beam is the center-of-mass energy, and E γ is the energy carried away by the photon. The following cuts are then imposed on x and on the scattering angle θ γ of the photon [65] :
The lower and upper cut, Eq. (V.1), on the energy of the photon is a function of the beam energy. Interpreted in a different way, the upper cut corresponds to the kinematical limit of the radiative neutralino production process. In order to enhance the signal over the main SM background, with the neutrinos preferably emitted in the forward direction, the required detector acceptance cut, Eq. (V.2), on the photon is applied. Except for the cuts on energy and the angular spread, no other cut is found to significantly reduce the background. Therefore, we have implemented these cuts for both signal and background processes in the case of all the scenarios which we have considered in this work.
A. Photon energy (Eγ ) distribution and total beam energy (
First of all we have calculated the energy distribution of the photons from the radiative neutralino production in case of the MSSM EWSB and different GUT scenarios with nonuniversal gaugino mass in the case of longitudinal beam polarization.
The energy distribution of the radiated photon in the presence of longitudinally polarized beams is shown in Figs. 2 and 3 for the scenarios with nonuniversal gaugino masses in grand unified theories based on SU (5) and SO (10) . In these figures the resulting distributions are also compared with the MSSM EWSB model with universal gaugino masses at the GUT scale. Similarly the energy dependence of the total cross section is also calculated with the initially polarized beams and is shown in Figs. 4 and 5. Note that we have included radiative corrections in all these calculations. As discussed before we have restricted ourselves to only righthanded electron beams and left-handed positron beams in order to reduce the background. The degree of polarization used in our calculation is (P e − , P e + ) = (0.8, -0.6). The unpolarized case in case of the MSSM EWSB is also shown in these figures for the sake of comparison. The signal in the case of MSSM EWSB and [SU (5)] 24 is enhanced in the polarized case compared to the other models considered here. The dominant component of the neutralino in [SU (5)] 24 is a bino, whereas in other cases the lightest neutralino is dominantly a Higgsino state. The MSSM EWSB scenario predicts a lightest neutralino with a dominant Higgsino component, but it also has a significant bino component leading to the enhancement of right selectron-electron-neutralino coupling. Therefore the choice of this particular polarization leads to an increase in the production cross section. For the other cases with a Higgsino-like neutralino the tand u-channel exchange ofẽ R,L is suppressed, with the only contribution coming from off-shell Z decay. The Z boson due to its ability to combine with both left-and right-handed fermions does not result in significant changes with the inclusion of the beam polarization.
B. Dependence on µ and M2
Since the mass of the lightest neutralino depends on the parameters µ and M 2 , it is important to study the dependence of cross section for the signal process on these parameters. The dependence of the signal cross section is considered independently on the parameters µ and M 2 . The values of the parameters µ and M 2 are chosen in order to avoid color and charge breaking minima, unbounded from below constraint on scalar potential, and also to satisfy phenomenological constraints on different sparticle masses as discussed in Sec. II.
We have carried out a check on the parameter space used in our calculations on whether the complete scalar potential has charge and color breaking minima, which are lower than the electroweak symmetry breaking minimum. The condition of whether the scalar potential is unbounded from below has also been checked by us. The criteria used for these conditions are
respectively, at a scale Q 2 > M 2 EWSB . Here f denotes the fermion generation, and A is the trilinear supersymmetry breaking parameter. We have implemented these conditions through the SuSpect package [66] which computes the masses and couplings of the supersymmetric partners of the SM particles. For each model considered in this paper, we perform the renormalization group evolution to calculate the particle spectrum. While doing so we check for the consistency of the chosen parameter set with electroweak symmetry breaking and also whether the conditions (V.3) and (V.4) are satisfied. In Fig. 6 we show the µ dependence of the cross section for different models considered in this paper for the polarized case along with the unpolarized case of MSSM EWSB. The cross section in the case of SU (5) 24 and MSSM EWSB is significantly enhanced compared to the unpolarized case. For the other scenarios, the behavior in case of polarized beams is almost similar to the unpolarized case. It is found that for a wide range of µ, in the case of the [SU (5)] 24 and MSSM EWSB scenario, all the experimental constraints are satisfied, withχ 0 1 as the LSP. For the other scenarios with a Higgsino-type lightest neutralino, the cross section is sensitive to the value of µ. Since mχ0 1 ∝ µ, above a certain value of µ,χ 0 1 ceases to be the lightest supersymmetric particle. Depending on the percentage of the Higgsino component, the cross section changes with the value of µ. Most of the scenarios considered here are tightly constrained as a function of µ, with the neutralino as the LSP. This is due to the various limits on the sparticles masses from the experiments. The cross section for some scenarios in this region is too small to be observed at the ILC with √ s = 500 GeV, even with an integrated luminosity of 500 fb −1 . In Fig. 7 we show the dependence of the radiative neutralino cross section on the soft gaugino mass parameter M 2 for different models with polarized beams. In this case also SU (5) 24 and MSSM EWSB show an enhance- Total cross section σ along with radiative effects for the radiative neutralino production vs mẽ R at √ s = 500 GeV with (P e − , P e + ) = (0.8, -0.6). For comparison we have also shown the case of MSSM EWSB with unpolarized beams. ment of the cross section, for smaller values of M 2 . Since the total cross section decreases with increasing value of M 2 , a lower value of M 2 favors a cross section which can be measured experimentally.
C. Dependence on selectron masses
The selectron masses are free parameters for the models considered here. Since the signal process proceeds mainly via right and left selectronẽ R,L exchange in the t and u channels, we have also considered the dependence of the total cross section on the selectron masses. The dependence on the selectron masses is shown in Figs. 8 and 9 in the case of polarized beams and for unpolarized beams in case of the MSSM EWSB. The cross section is insensitive to the left selectron mass in case of all models. For SU (5) 24 , the neutralino being a bino, the cross section is sensitive to the right selectron mass and decreases with increasing mẽ R and has a negligible sensitivity to left selectron mass. The MSSM EWSB shows a peculiar behavior with respect to the right selectron mass. This is mainly because the neutralino in this case has a dominant Higgsino component along with a significant bino component. Therefore the signal process in this scenario receives contribution from both the right selectron exchange channel and the Z exchange channel. This behavior arises due to the interference term from these two diagrams and is sensitive to the centre-of-mass energy. Note that for this particular choice of beam polarization, this behavior is more enhanced as one of the contributing diagrams is due toẽ R exchange. If the beam polarization would have been due to left-handed electrons and right-handed positrons, there would be no contribution from the right selectron exchange diagram. Therefore the cross section in that case will be insensitive to mẽ R . The other models have a Higgsino-type neutralino; therefore their production cross section shows no dependence on the selectron masses.
VI. BACKGROUND PROCESSES A. Neutrino background
For the signal process (IV.1) considered here, the main background comes from the SM radiative neutrino production. The other possible backgrounds are from e + e − → τ + τ − γ, with both the τ ′ s decaying to soft leptons or hadrons but the contribution from this process is found to be negligible. Another large background comes from the radiative Bhabha scattering, e + e − → e + e − γ, where e ± ′ s are not detected. This radiative scattering is usually eliminated by imposing a cut on E γ . The events are selected by imposing the condition that any particle other than γ appearing in the angular range −0.95 < cos θ γ < 0.95 must have energy less than E max , where E max is detector dependent, but presumably no larger than a few GeV. This is discussed in detail in the literature [67] .
The SM radiative neutrino production
has been studied extensively [40, 48, [68] [69] [70] . For this background process, ν e are produced via t-channel W boson exchange and ν e,µ,τ via s-channel Z boson exchange. The corresponding Feynman diagrams are shown in Fig. 10 .
FIG. 10: Feynman diagrams contributing to the radiative neutrino process e + e − → ννγ where (iv and v) corresponds to the neutrinos of three flavors Since the photons emitted from this process mostly tend to be collinear, therefore the angular cut on the photon is applied to separate it from the signal photons. This process mainly proceeds through the exchange of W bosons which couple only to the left-handed fermions. We are considering the case of beam polarization with right-handed electron and left-handed positron. The respective degree of polarization is P e − = 0.8 and P e + = -0.6. Figure 11 shows that the photon energy distribution from the radiative neutrino production, whereas in Fig. 12 we show the √ s dependence of the total radiative neutrino cross section. Note that the radiative corrections are included here. The unpolarized case is also shown in the figures for comparison. It is observed that with this choice of beam polarization, the W bosons in the intermediate state do not contribute, and the cross section is significantly reduced. For instance, at √ s = 500 GeV with the inclusion of radiative corrections and the cuts, the total unpolarized cross section σ unpol is 2432 fb, whereas with the inclusion of this particular beam polarization σ pol is 398 fb. The background is reduced by 1 order of magnitude. Due to the production of Z boson through the s channel the photon energy distribution peaks for
GeV. By imposing an upper cut on the photon energy, which depends on the neutralino mass see Eq. (V.1), the photon background from radiative neutrino production is reduced. A similar argument holds for the production cross section where the on-shell Z produced through this background process is eliminated by imposing an upper cut on the photon energy.
B. Supersymmetric background
Apart from the SM background, the signal process (IV.1) under consideration has also a supersymmetric background from the sneutrino production process [40, 71] 
In Fig. 13 we show the tree-level Feynman diagrams contributing to the supersymmetric background process under study. Apart from the s channel contribution from Z boson, the process also receives a t-channel contribution from the virtual charginos. Due to the contribution from virtual charginos, this process is sensitive to the chargino mixing matrix U. In Fig. 14 we show the photon energy distribution for the supersymmetric background process at √ s = 500 GeV for the different models, whereas the total production cross section is shown in Fig. 15 . We have applied the same cuts for this process as in the signal process and have used an initial beam polarization of P e − = 0.8, P e + = -0.6. Similar to the radiative neutrino and neutralino production FIG. 12: The total energy √ s dependence of the radiative neutrino cross section with and without an upper cut on the photon energy E γ , along with the radiative effects and (P e − , P e + ) = (0.8, -0.6).
Feynman diagrams contributing to the radiative sneutrino production process e + e − →νν * γ, with the last two diagrams (vii and viii) corresponding to all the leptonic sneutrino the unpolarized case of MSSM EWSB is also included in the figures. The process is not sensitive to initial beam polarization, with the cross section and the photon energy distribution in the case of polarized beams behaving almost similarly to the unpolarized case. From Figs. 14 and 15, it is seen that for [SU (5) (10)] 770 ′ , the behavior of the cross section is similar. This is due to the mixing matrix U being same for all the models considered here.
This process can act as a major supersymmetric background to the signal if the sneutrinos decay invisibly viaν →χ 0 1 ν. This scenario has been called the "virtual LSP" scenario [40] . But the sneutrinos can decay to other particles if kinematically allowed thus reducing its contribution to the signal. We note that the other prominent decay channels areν →χ bino-type neutralino, the dominant decay mode is the invisible decay channel with 100% branching ratio. For the scenarios with a Higgsino-type neutralino the various decay channels are presented in Table IX . There can also be other supersymmetric background from the neutralino production e + e − →χ 0 1χ 0 2 , with the subsequent radiative decay [72] of the next-to-lightest neutralinoχ [41, 73, 74] . Therefore, we have neglected this process in our study; however a detailed discussion of this process can be found in Refs. [73] [74] [75] . − →νν * γ with an upper cut on the photon energy E γ and the inclusion of radiative effects and initial beam polarization (P e − , P e + ) = (0.8, -0.6). For comparison we have also shown the case of MSSM EWSB with unpolarized beams.
C. Theoretical significance
Finally we discuss whether the photons from the signal process can be measured over the photons from the background. This is expressed in terms of theoretical significance for a given integrated luminosity L and is defined as [65] 
In the above equation N S = σL is the number of signal photons, and N B = σ B L denotes the number of background photons. For the detection of a signal a theoretical significance of 5 is required, whereas the signal can be measured at a 68 % confidence level for a theoretical significance of S = 1. In Fig. 16 we show the µ dependence of the theoretical significance S for the different models considered here for an initial beam polarization of P e − = 0.8 and P e + = -0.6. When the lightest neutralino is dominantly a bino as in case of the [SU (5)] 24 , or has dominant bino and a Higgsino components, as in the case of MSSM EWSB, the choice of this beam polarization significantly enhances the signal compared to the unpolarized case. In the case of unpolarized beams, S for the considered µ range has a maximum value of 2 in the case of [SU (5)] 24 , whereas for this choice of beam polarization, it has a maximum value of 12. Similar behavior follows in case of MSSM EWSB. It can be seen from the Fig. 16 that it will be difficult to observe the signal for the other scenarios considered here with the lightest neutralino having a dominant Higgsino component. The theoretical significance S for the radiative neutralino production as a function of the gaugino mass parameter M 2 for the different models with √ s = 500 GeV and (P e − , P e + ) = (0.8, -0.6). The case of unpolarized beams for MSSM EWSB is not shown here as it coincides with the polarized case.
We have also studied the variation of theoretical significance S as a function of the gaugino mass parameter M 2 . In Fig. 17 we show the M 2 dependence of S for all the models considered in this work in the interval M 2 ǫ [200,1000] GeV. A behavior almost similar to the µ dependence of S is observed.
Along with S we have also considered the signal-to-background ratio defined as
The values of S and r can serve as a good guideline for our analysis since we do not consider detector simulation here, which is beyond the scope of the present paper. In the case of the ILC, for a signal to be detectable, r is required to be greater than 1%. Since the future collider is designed for planned energies of 500, 800, and 1000 GeV, we have presented the signal and background cross sections along with S and r for these energies and different cases of a longitudinally polarized beam for an integrated luminosity of 500 fb −1 . We present the values of the total cross section, the significance and the signal-to-background ratio for all the scenarios considered here for different center-of-mass energies in Tables X, XI and XII. The set of parameters considered for the different models is listed in Tables I, II , III, IV, V VI and VII. It can be seen from the Tables X, XI and XII that there is an enhancement in S and r when we move from the unpolarized to the polarized case. The enhancement is significant for the case of beam polarization (0.9| − 0.6). The behavior is similar with the bino-type neutralino having a significant value of S and r, making the signal observable at the ILC for different cases of beam polarization. But for the scenarios with a Higgsino-type neutralino, the values of S and r are too small, making it difficult to test them at the future linear colliders through this radiative neutralino production process.
D. Left-right asymmetry
In this subsection, we consider as an observable the left-right asymmetry as a means to distinguish between various grand unified models. In order to obtain a better efficiency, we consider the integral version of this asymmetry. The integrated left-right asymmetry is defined as where σ RL and σ LR are defined in Sec. IV B. The coupling of the lightest neutralino to the selectron and a fermion is different for left-and right-handed fermions, with different couplings, for the different models that we have considered in this paper. The coupling is relatively sensitive to the composition of the lightest neutralino, and one would expect an appreciable difference between the left-and right-polarized cross section. It can be seen from Table XVII that the lightest neutralino with a dominant wino and bino composition is sensitive to beam polarization, whereas the Higgsino type neutralino has no dependence on beam polarization. We plot in Fig. 18 the left-right asymmetry for the different models for the radiative neutralino production as a function of the centre-of-mass energy. The SM background (radiative neutrino production) is also considered here. The dependence of the various models on beam polarization can be easily understood from Fig. 18 . In the case of radiative neutrino production, as discussed before, since the cross section gets highly suppressed with positive electron and negative positron beam polarization, A LR in this case is the largest. A LR is also larger for the models where the lightest neutralino is mainly a bino or a wino, i.e., enhanced couplings to the selectrons. Since SU ( 
VII. SUMMARY AND CONCLUSIONS
In this paper we have carried out a detailed study of the radiative neutralino production e + e − →χ 0 1χ 0 1 γ for the case of SU (5) and SO(10) supersymmetric GUT models for ILC energies with longitudinally polarized e − and e + beams. In these GUT models the boundary conditions on the soft gaugino mass parameters can be nonuniversal. We have compared the results of these GUT models with the corresponding results in the MSSM with universal gaugino mass parameters (universal boundary conditions). For our analyses we have used a particular set of parameter values for various models by imposing theoretical and experimental constraints as discussed in Sec. II. The radiative neutralino production process has a signature of a high-energy photon and missing energy. The background to the signal process comes from the SM process e + e − → ννγ and from the supersymmetric process e + e − →νν * γ. The purpose of the present work is to establish the use of longitudinal beam polarization in probing the effects of boundary conditions in the neutralino sector that arise in GUTs at a linear collider. This is motivated by the fact that longitudinal polarization is a distinct possibility at the ILC. For the signal process considered, the dominant SM background comes from the radiative neutrino production process, which proceeds through the exchange of W bosons which couple only to the left-handed particles. This dominant background made it (0|0) (0.8|0) (0.8| − 0.3) (0.8| − 0.6) (0.9|0) (0.9| − 0. difficult to observe the signal process at the LEP even for very light neutralinos. At the LHC also the CMS experiment has searched for a final state containing a photon and missing transverse energy, and the observed event yield was seen to be in agreement with the standard model expectations. However in the case of the ILC with the availability of beam polarization, a suitable choice of beam polarization (e − R e + L ) will significantly reduce the expected SM background. Therefore, the ILC, with the availability of beam polarization, will be a good place to look for the processes with a high-energy photon and large missing energy in the final state. At the future linear colliders, because of high luminosity, ISR and beamstrahlung are an unavoidable feature, and, therefore, we have included the radiative corrections in our calculations to obtain a precise values for the cross sections.
We have studied in detail the cross section and the photon energy distribution for the signal and background process for a centre-of-mass energy of 500 GeV and an integrated luminosity of 500 fb −1 . The initial beams are taken to be longitudinally polarized with P e − = 0.8 and P e + = -0.6. Our analyses show the behavior of the different models with the inclusion of beam polarization. Together with these the dependence of the cross section on the other free SUSY parameters which are involved in the signal process was also studied. This includes the SU (2) L gaugino mass parameter M 2 and the Higgs(ino) mass parameter µ as well as the selectron masses (mẽ R , mẽ L ). Our results demonstrate that the composition of the lightest neutralino in different models plays a crucial role in the signal process. It can be seen from Table XVII how the bino-and wino-type neutralino production cross section will be controlled by different choices of initial beam polarization. Similarly the insensitivity of the Higgsino-type neutralino production cross section to the beam polarization, which is mediated through thr Z boson, is also reflected in the table. For the bino-type neutralino which arises in SU (5) 24 , with significantly larger coupling to the right selectron, the cross section is increased with the choice of beam polarization used here, and the background is correspondingly reduced. At the same time in the case of other models, with Higgsino-type lightest neutralino, there is no appreciable change in cross section for the choice of beam polarization used in this paper, since Z couples to both left-and right-handed fermions.
Finally, in order to study whether an excess of signal photons N S can be observed over the background photons N B from the SM radiative neutrino process, we have studied the theoretical statistical significance S and the signal-to-background ratio r. The dependence of S on the independent parameters M 2 and µ is also studied. The results that we have obtained emphasize the signal and the background cross sections along with the significance and the signal-to-background ratio for different degrees of initial beam polarization at different planned centre-of-mass energies of the ILC. They are presented in Tables X, XI, and XII. Therefore, we conclude that in the presence of beam polarization with right-handed electrons and left-handed positrons, the models with a bino-type neutralino can be studied in detail through the radiative neutralino production it the ILC. In this respect the grand unified supersymmetric SU (5) 24 model is unique among all the models considered in this paper. In this case M 3 can be large so that we get the gluino mass satisfying the experimental constraints, and also M 1 will be small enough to lead to a light bino-type neutralino. Therefore, for the choice of parameters considered in our paper, SU (5) 24 will provide a signal which could be observed at the ILC. This provides a strong motivation for the search for the radiative neutralino production as an evidence of a supersymmetric grand unified model at the ILC.
We would also like to point that even with initially polarized beams, the models with a Higgsino-type neutralino will be too difficult to be observed at the ILC. These Higgsino-type scenarios have a distinctive feature whereinχ 2 γ will also yield a similar final state as the radiative neutralino production. A detailed study of signatures with a hard photon and large missing energy will include processes a and b along with the signal process considered here. This will result in a significant increase of cross section, and may offer additional search avenues. We note here thatχ 0 1χ 0 2 andχ 0 2χ 0 2 production channels tend to be suppressed, but may, nevertheless, offer increased search avenues. We do not consider this case any further here, but leave it for a future publication. In contrast to the Sec. A 1 with universal boundary condition (A.1) for the gaugino mass parameters at the GUT scale, we now consider the case of MSSM with nonuniversal boundary conditions at the GUT scale, which arise in SU (5) and SO(10) grand unified theories. Since in supersymmetric GUTs the gaugino masses need not be equal at the GUT scale, the neutralino masses and mixing can be different in SUSY GUTs as compared to the MSSM with universal gaugino masses.
The coupling of the field strength superfield W a with the gauge kinetic function f (Φ) results in the generation of soft gaugino masses in supersymmetric models (see Ref. [28] and references therein). This term can be written as
with a and b referring to gauge group indices and repeated indices being summed over. The gauge kinetic function f ab (Φ) can be written in terms of the singlet and nonsinglet chiral superfields. When the auxiliary part F Φ of a chiral superfield Φ in f (Φ) gets a VEV F Φ , the interaction (A.5) gives rise to soft gaugino masses:
where λ a,b are gaugino fields. Here λ 1 , λ 2 , and λ 3 are the U (1), SU (2), and SU (3) gaugino fields, respectively. Since the gauginos belong to the adjoint representation of the gauge group, Φ and F Φ can belong to any of the representations appearing in the symmetric product of the two adjoint representations of the corresponding gauge group. We note that in four-dimensional grand unified theories only the gauge groups SU (5), SO (10) , and E 6 support the chiral structure of weak interactions. Here we shall study the implications of nonuniversal gaugino masses for the case of SU (5) and SO(10) grand unified gauge groups.
a. SU (5) In this section we shall consider the case where the SM gauge group is embedded in the grand unified gauge group SU (5). For the symmetric product of the two adjoint (24- In the simplest case where Φ and F Φ are assumed to be in the singlet representation of SU (5), we have equal gaugino masses at the GUT scale. But, as is obvious from Eq. (A.7), Φ and F Φ can belong to any of the nonsinglet representations 24, 75, and 200 of SU (5). In such cases the soft gaugino masses are unequal but related to one another via the representation invariants of the gauge group [20] . In Table XIII we show the ratios of gaugino masses which result when F Φ belong to different representations of SU (5) in the decomposition (A.7). In this paper, for definiteness, we shall study the case of each representation independently, although an arbitrary combination of these is also allowed. In the one-loop approximation, the solution of renormalization group equations for the soft supersymmetry breaking gaugino masses M 1 , M 2 , and M 3 can be written as [76] M i (t) α i (t) = M i (GUT) α i (GUT) , i = 1, 2, 3.
(A.8)
Then at any arbitrary scale, we have
(A.9) In Table XIV we have shown the gaugino mass parameters for the different representations that arise in the symmetric product (A.10) for the SO(10) group. We note from Table XIV that the ratios of gaugino masses for the different representations of SO(10) in the symmetric product (A.10) with the unflipped embedding SU (5) ⊂ SO(10) are identical to the corresponding gaugino mass ratios in Table XIII for the embedding of SM in SU (5). Therefore, the input parameters and the resulting masses for the gaugino mass ratios in Table XIV for SO(10) are identical to the corresponding Tables II, III , and IV for SU (5). There are two additional maximal power subgroups of SO (10), consistent with fermion content of the SM, apart from SU (5) ⊂ SO(10). We, thereforw, list in Tables XV and XVI, the ratio of the gaugino mass parameters, both at the GUT and electroweak scale, for different representations that arise in the symmetric product of two adjoint representations of SO(10) with relevant embedding of these subgroups in SO(10). For the minimal supersymmetric standard model, the interaction Lagrangian of neutralinos, electrons, selectrons, and Z bosons is summarized by [57] 
